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WRITHE POLYNOMIALS AND SHELL MOVES
FOR VIRTUAL KNOTS AND LINKS
TAKUJI NAKAMURA, YASUTAKA NAKANISHI, AND SHIN SATOH
Abstract. The writhe polynomial is a fundamental invariant of an oriented
virtual knot. We introduce a kind of local moves for oriented virtual knots
called shell moves. The first aim of this paper is to prove that two oriented
virtual knots have the same writhe polynomial if and only if they are related
by a finite sequence of shell moves. The second aim of this paper is to classify
oriented 2-component virtual links up to shell moves by using several invariants
of virtual links.
1. Introduction
Several invariants of classical knots correspond to local moves. For example, two
classical knots have the same Arf invariant if and only if they are related by a fintie
sequence of pass moves [5, 6]. Such a correspondence reveals a relationship between
algebraic and geometric structures of classical knots. A similar result is known in
virtual knot theory. Two virtual knots have the same odd writhe if and only if they
are related by a finite sequence of Ξ-moves [12].
The writhe polynomial WK(t) of a virtual knot K is a stronger invariant than
the odd writhe J(K): For an integer n 6= 0, the n-writhe Jn(K) of K is defined by
using the index of a chord of a Gauss diagram, and the writhe polynomial and odd
writhe are described by
WK(t) =
∑
n 6=0
Jn(K)t
n −
∑
n 6=0
Jn(K) and J(K) =
∑
n:odd
Jn(K).
In this paper we introduce two kinds of local moves called shell moves for virtual
knots, which are defined by using Gauss diagrams as shown in Figure 1. The precise
definition is given in Section 2. Then we prove the following.
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S1 S2
Figure 1. Shell moves
Theorem 1.1. For two oriented virtual knots K and K ′, the following are equiv-
alent.
(i) WK(t) = WK′(t).
(ii) K and K ′ are related by a finite sequence of shell moves.
We extend the shell moves to oriented 2-component virtual links. For an oriented
2-component virtual link L = K1 ∪K2, there are several invariants such as λ(L) =
Lk(K1,K2)−Lk(K2,K1), Jn(K1;L), Jn(K2;L), and F (L) whose precise definitions
will be given later. By using these invariants, we classify oriented 2-component
virtual links up to shell moves. The situations are slightly different according to
λ(L).
Theorem 1.2. Let L = K1∪K2 and L′ = K ′1∪K ′2 be oriented 2-component virtual
links with λ(L) = λ(L′) = 0. Then L and L′ are related by a finite sequence of shell
moves if and only if
(i) Jn(K1;L) = Jn(K
′
1;L
′) for any n 6= 0, 1,
(ii) Jn(K2;L) = Jn(K
′
2;L
′) for any n 6= 0, 1, and
(iii) F (L) = F (L′).
Theorem 1.3. Let L = K1∪K2 and L′ = K ′1∪K ′2 be oriented 2-component virtual
links with λ(L) = λ(L′) = 1. Then L and L′ are related by a finite sequence of shell
moves if and only if
(i) Jn(K1;L) = Jn(K
′
1;L
′) for any n 6= 0, 1,−1,
(ii) Jn(K2;L) = Jn(K
′
2;L
′) for any n 6= 0, 1, 2, and
(iii) F (L) = F (L′).
Theorem 1.4. Let L = K1∪K2 and L′ = K ′1∪K ′2 be oriented 2-component virtual
links with λ = λ(L) = λ(L′) ≥ 2. Then L and L′ are related by a finite sequence of
shell moves if and only if
(i) Jn(K1;L) = Jn(K
′
1;L
′) for any n 6= 0, 1,−λ,−λ+ 1,
(ii) Jn(K2;L) = Jn(K
′
2;L
′) for any n 6= 0, 1, λ, λ+ 1,
(iii) F (L) = F (L′), and
(iv) J1(K1;L) + J−λ+1(K1;L) + J1(K2;L) + Jλ+1(K2;L)
= J1(K
′
1;L
′) + J−λ+1(K ′1;L
′) + J1(K ′2;L
′) + Jλ+1(K ′2;L
′).
This paper is organized as follows. In Section 2, we introduce the notions of
shells, shell moves, and snails in Gauss diagrams. We say that two Gauss diagrams
are S-equivalent if they are related by a finite sequence of shell moves. We prove
that any Gauss diagram is S-equivlanet to the one consisting of several snails. In
Section 3, we study a relationship between shell moves and writhe polynomials, and
prove Theorem 1.1. In Section 4, we study shell moves for oriented 2-component vir-
tual links, and prove that any Gauss diagram is S-equivalent to the one in standard
form. In Section 5, we introduce several kinds of invariants of oriented 2-component
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virtual links, and prove Theorems 1.2–1.4. In the last section, we give a relation-
ship among the invariants in Section 5, and prove that there is no relationship other
than it.
2. Shell moves
A Gauss diagram G is a disjoint union of oriented circles equipped with a finite
number of oriented and signed chords spanning the circles. For a chord with sign
ε, we give signs −ε and ε to the initial and terminal endpoints of the chord, respec-
tively. By definition, if two of three kinds of informations of a chord γ — the sign
of γ, the orientation of γ, and the signs of endpoints of γ — are given, then the
other is determined. We say that a chord γ of G is a self-chord if both endpoints of
γ belong to the same circle of G, and otherwise a nonself-chord. See Figure 2. A
self-chord γ is free if the endpoints of γ are adjacent on the circle. A Gauss diagram
is called empty if it has no chord.
εε ε－εε ε－
Figure 2. Self- and nonself-chords of a Gauss diagram
Virtual knot theory is introduced by Kauffman [7]. A virtual link is an equiva-
lence class of virtual link diagrams up to Reidemeister moves R1–R7. Furthermore,
a virtual link diagram is an equivalence class of Gauss diagrams up to Reidemeister
moves R4–R7. In this sense, a virtual link is an equivalence class of Gauss diagrams
up to Reidemeister moves R1–R3 (cf. [4, 7]). In Figure 3, we illustrate Reidemeister
moves R1–R3 with ε = ±. Though there are many types of R3-moves with respect
to orientations and signs of chords, it is enough to give just one type of R3-move
as in the figure; for Polyak gives a minimal set of oriented Reidemeister moves [11].
A µ-component virtual link is represented by a Gauss diagram with µ circles.
In particular, a 1-component virtual link is called a virtual knot. The trivial µ-
component virtual link is represented by the empty Gauss diagram consisting of µ
circles.
Definition 2.1. Let γ be a self- or nonself-chord of G. The shells for γ are self-
chords which surround an endpoint of γ in parallel such that if the endpoint of γ
has positive (or negative) sign, then the orientation of shells are the same as (or
opposite to) that of the circle. See Figure 4.
Since the orientation of shells is determined by the sign of the endpoint of γ, we
sometimes omit the orientation of γ. The notion of a shell in this paper is slightly
different from that of an anklet in [9].
We introduce two kinds of deformations on Gauss diagrams as follows.
Definition 2.2. Let G be a Gauss diagram.
(i) A shell move S1 for G is a deformation which slides a shell for a chord to
another side of the chord with keeping the sign of the shell. See the left of
Figure 5.
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Figure 3. Reidemeister moves for Gauss diagrams
-+
γ γ
Figure 4. Shells for γ
(ii) A shell move S2 forG is a deformation which changes the adjacent endpoints
of a pair of chords with adding a shell to each chord as shown in the right
of the figure.
(iii) Two Gauss diagrams G and G′ are S-equivalent if G is related to G′ by a
finite sequence of Reidemeister moves R1–R3 and shell moves S1 and S2.
We denote it by G ∼ G′.
(iv) Two oriented virtual links are S-equivalent if their Gauss diagrams are S-
equivalent.
S1
ε
ε S2
ε δ δ ε
- εδεδ
Figure 5. Shell moves S1 and S2
Let γ be a chord of a Gauss diagram, and k the sum of signs of shells for γ. We
can bunch all the shells at one endpoint of γ by using S1-moves, and then cancel
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them pairwise by R2-moves so that we obtain k shells with positive sign for k ≥ 0
or −k shells with negative sign for k < 0. In this sense, the algebraic number of
shells for a chord is uniquely determined up to S-equivalence. See Figure 6.
S1
-
- +
+
-
-
- -
-+
+
R2
Figure 6. The algebraic number of shells for a chord
Lemma 2.3. If two Gauss diagrams are related by a deformation (1) or (2) as
shown in Figure 7, then they are S-equivalent. In the figure, we indicate the algebraic
number of shells for each chord.
・・・・・・
-
δjΣ
ε1 δ1 δnε
・・・・・・
… … δ1 δn…m ε1 ε… m
εm
δjΣε1εiΣδn
- εiΣδ1
(1)
(2)
ε δ δ ε
y- x+εδεδ
the sum ofsigns = x the sum ofsigns = y
Figure 7. S-equivalent Gauss diagrams in Lemma 2.3
Proof. (1) This is a generalization of an S2-move. We first apply S1-moves to
transfer shells to the other side of each chord and then perform an S2-move. Then
we apply S1-moves to get the original position of shells.
(2) This can be proved by (1) repeatedly. 
Corollary 2.4. If two Gauss diagrams are related by a deformation (1)–(4) as
shown in Figure 8, then they are S-equivalent. Here, P and Q are portions of whole
chords.
Proof. (1) Since the sum of signs of endpoints of chords in P is equal to 0, the
Gauss diagrams are S-equivalent by Lemma 2.3(2). We remark that although each
chord in P gets a pair of shells on both endpoints, they have opposite signs and
can be canceled.
(2) The deformation is realized by the combination of (1)’s.
(3) We apply Lemma 2.3(2) twice as shown in Figure 9. Then we see that any
new shells can be canceled by S1- and R2-moves.
(4) This can be proved similarly to (3). 
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(1)
(2)
(3)
(4)
P P
P Q Q P
PP
P Q Q P
Figure 8. S-equivalent Gauss diagrams in Corollary 2.4
P
ε
-ε
-εk -εk
εk
the sum ofsigns = k
the sum ofsigns = -k
Figure 9. Proof of Corollary 2.4(3)
Definition 2.5. Let G be a Gauss diagram with µ circles C1, . . . , Cµ.
(i) For n ∈ Z and 1 ≤ i ≤ µ, a positive or negative n-snail of type i is the
portion of a self-chord γ with |n| shells such that γ is spanning the circle Ci
and the sign of γ is positive or negative, respectively, as shown in the left
of Figure 10. We denote it by +Si(n) or −Si(n). We remark that ±Si(0)
consists of a free chord.
(ii) For n ∈ Z and 1 ≤ i 6= j ≤ µ, a positive or negative n-snail of type (i, j)
is the portion of a nonself-chord γ with |n| shells such that γ is spanning
between the circles Ci and Cj oriented from Ci to Cj , and the sign of γ is
positive or negative, respectively, as shown in the right of the figure. We
denote it by +Sij(n) or −Sij(n).
Lemma 2.6. If two Gauss diagrams are related by a deformation (1)–(4) as shown
in Figure 11, then they are S-equivalent.
Proof. (1) and (2) The positive 1-snail +Si(1) is related to −Si(1) by an S1-move,
which is eliminated by an R2-move as shown in Figure 12.
(3) The concatenation of +Sij(n) and −Sij(n) is S-equivalent to that of n copies
of +Si(1) for n > 0 or n copies of canceling pairs for n < 0 by using Lemma 2.3(2)
and Corollary 2.4(1). See Figure 13, where ε is the sign of n; that is, n = ε|n|.
Eventually it is S-equivalent to the empty by (1) or R2-moves.
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-ε -ε
the sum ofsigns = -εn the sum ofsigns = -εn
…
ε
ε
C iC i
i ij
C j
ε ε
S  (n)ε εS   (n)
… ……
Figure 10. The n-snails εSi(n) and εSij(n)
C
(4)
(3)
i
C i
C j
i+S  (n) i-S  (n)
C
(1) (2)
i C i i-S  (1)i+S  (1)
C i
C j
C i
C i
ij+S  (n) ij-S  (n)
Figure 11. S-equivalent Gauss diagrams in Lemma 2.6
S1 R2
i-S  (1)
-+
i+S  (1)
+-
Figure 12. Proofs of Lemma 2.6(1) and (2)
(4) We deform the concatenation of +Si(n) and −Si(n) as shown in Figure 14.
Then we can apply the same deformation used in the proof of (3) so that it is
S-equivalent to the empty. 
Proposition 2.7. Any Gauss diagram of an oriented µ-component virtual link is
S-equivalent to a Gauss diagram G with µ circles C1, . . . , Cµ which satisfies the
following conditions. Figure 15 shows the case µ = 3.
(i) The chords of G form a finite number of snails.
(ii) There is an arc αi on each Ci such that all snails of type i spans αi.
(iii) All snails of type (i, j) spans (Ci \ αi) ∪ (Cj \ αj) in parallel.
(iv) There is no snails ±Si(0) or ±Si(1) for any i.
(v) There is no pair of snails +Si(n) and −Si(n) for any i and n.
(vi) There is no pair of snails +Sij(n) and −Sij(n) for any i 6= j and n.
Proof. For each self-chord γ spanning Ci, we slide the initial endpoint of γ along
Ci with respect to the orientation of Ci by using Lemma 2.3(1) so that the initial
endpoint of γ is adjacent to the terminal with some shells. Then we obtain a snail
±Si(n) on Ci for some n. By Corollary 2.4(1) and (2), we may assume that all
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the sum of
Lem 2.3(2)
Cor 2.4(1)
R2 (n>0)
signs = nthe sum ofsigns = -n
C i
C j
ij+S  (n) ij-S  (n)
i+S  (1) i+S  (1)
-
the sum ofsigns = +1the sum ofsigns = n
+
……
+
-ε
-ε
-ε
-ε
ε… …ε ε
ε ε ε
ε ε
-
……
-
+
……
+
-
+- - +
・・・
(n<0)
+ - + -
・・・
Figure 13. Proof of Lemma 2.6(3)
Cor 2.4(1)
i+S  (n) i-S  (n)
+ -
C i
+
-
C i
Figure 14. Proof of Lemma 2.6(4)
…
… …
………
1S
1C 2C
3C
1S
2S
2S
13S 31S 23S 32S
21S
12S
3S 3S
Figure 15. A Gauss diagram with three circles
snails span αi, and the endpoints of nonself-chords with shells on Ci are contained in
Ci\αi. For the nonself-chords with shells between Ci and Cj , we move the endpoints
on Ci \ αi by Lemma 2.3(1) to obtain parallel snails of type (i, j). Therefore we
have the conditions (i)–(iii).
The conditions (iv)–(vi) are derived from Lemma 2.6 directly. 
We remark that by Corollary 2.4(2) and (4), the Gauss diagrams which are
different in the position of snails are all S-equivalent.
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3. The case µ = 1
Throughout this section, we consider an oriented virtual knot K and its Gauss
diagram G consisting of a single circle C.
Let Pi (1 ≤ i ≤ k) be portions of whole chords on C. We denote by
(∑k
i=1 Pi
)
the Gauss diagram consisting of the concatenation of Pi’s. See Figure 16.
・・・1P 2P kP
Figure 16. The Gauss diagram
(∑k
i=1 Pi
)
For integers a and n, we denote by aS(n) the concatenation of a copies of +S(n)
for a > 0, −a copies of −S(n) for a < 0, and the empty for a = 0. Here, we
abbreviate ±S1(n) to ±S(n) for simplicity. Then by Proposition 2.7 we have the
following.
Lemma 3.1. Any Gauss daigram of K is S-equivalent to
(∑
n 6=0,1 anS(n)
)
for
some an ∈ Z. 
Let G be a Gauss diagram of a virtual knot K, and γ a chord of G. The endpoints
of γ divide the circle C into two arcs. Let α be the arc oriented from the initial
endpoint of γ to the terminal. The index of γ is the sum of signs of endpoints of
chords on α, and denoted by Ind(γ) ∈ Z (cf. [1, 8, 12]).
For each integer n, we denote by Jn(G) the sum of signs of all chords γ with
Ind(γ) = n. If n 6= 0, then Jn(G) does not depend on a particular choice of G of K
[12]. It is called the n-writhe of K and denoted by Jn(K). The writhe polynomial
of K is defined by
WK(t) =
∑
n 6=0
Jn(K)t
n −
∑
n 6=0
Jn(K) ∈ Z[t, t−1].
This invariant is introduced in several papers [2, 8, 12] independently. A charac-
terization of WK(t) is given as follows.
Theorem 3.2 ([12]). For a Laurent polynomial f(t) ∈ Z[t, t−1], the following are
equivalent.
(i) There is a virtual knot K such that WK(t) = f(t).
(ii) f(1) = f ′(1) = 0.
In particular, it holds that J1(K) = −
∑
n 6=0,1 nJn(K). 
Example 3.3. Figure 17 shows an example of a Gauss diagram G with five chords
whose indices are surrounded by boxes. LetK be the oriented virtual knot presented
by G. It holds that
Jn(K) =
 1 (n = 3,−1),−2 (n = 1), and
0 (n 6= 3, 1, 0,−1).
Therefore we have we have WK(t) = t
−1 − 2t+ t3.
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－
－
－
－
－
－－
＋
＋
＋
＋ ＋
－1
11
0
3＋
＋
＋
Figure 17. A Gauss diagram with five chords
Lemma 3.4. Let γ be a chord of G.
(i) If γ is a shell, then we have Ind(γ) = 1.
(ii) If γ is not a shell, then the index does not change under S-moves.
Proof. (i) Since the sum of signs of endpoints of all chords is equal to 0, it follows
from the definition of a shell.
(ii) This follows from the definition of the index of a chord. We remark that
the indices of chords γ and γ′ as shown in Figure 18 do not change under an
S2-move. 
S2
ε
γγ γ＇ γ＇
δ δ δ δε
- εδε
- -εε
δ
the sum ofsigns = 0
Figure 18. A shell move S2
Lemma 3.5. Let K be an oriented virtual knot.
(i) The n-writhe Jn(K) (n 6= 0) is invariant under S-moves, and hence so is
the writhe polynomial WK(t).
(ii) If K is presented by a Gauss diagram given in Lemma 3.1, then we have
WK(t) =
∑
n6=0,1
ant
n −
 ∑
n 6=0,1
nan
 t+ ∑
n 6=0,1
(n− 1)an.
Proof. (i) If a chord γ satisfies Ind(γ) 6= 1, then the index of γ does not change under
S-moves, and hence Jn(K) is invariant for n 6= 0, 1 by Lemma 3.4. Furthermore,
since J1(K) = −
∑
n 6=0,1 nJn(K) by Theorem 3.2, J1(K) is also invariant under
S-moves.
(ii) Since Jn(K) = an (n 6= 0, 1) and J1(K) = −
∑
n 6=0,1 nan hold, we have the
conclusion. 
Theorem 3.6. Let K and K ′ be oriented virtual knots. If WK(t) = WK′(t) holds,
then K and K ′ are S-equivalent.
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Proof. By Lemma 3.1, any Gauss diagrams of K and K ′ are S-equivalent to Gauss
diagrams
G =
 ∑
n 6=0,1
anS(n)
 and G′ =
 ∑
n 6=0,1
a′nS(n)
 ,
respectively.
By Lemma 3.5(ii) and the assumption, we obtain an = a
′
n for any n 6= 0, 1, and
hence G = G′.

Proof of Theorem 1.1. This follows from Lemma 3.5(i) and Theorem 3.6. 
Remark 3.7. We can give an alternative proof of Theorem 3.2 as follows: A
Laurent polynomial f(t) =
∑
n∈Z ant
n satisfies f(1) = f ′(1) = 0 if and only if
a1 = −
∑
n 6=0,1 nan and a0 =
∑
n 6=0,1(n− 1)an, that is,
f(t) =
∑
n 6=0,1
ant
n −
 ∑
n 6=0,1
nan
 t+ ∑
n 6=0,1
(n− 1)an.
This polynomial is equal to WK(t) given in Lemma 3.5(ii).
Remark 3.8. The Jones polynomial of a virtual knot is invariant under an S1-move
but not under an S2-move. The proof is easy and will be left to the reader.
4. The case µ = 2 (geometric part)
Throughout Sections 4–6, we consider an oriented 2-component virtual link L =
K1 ∪ K2 and its Gauss diagram G consisting of a pair of circles C1 and C2. By
Proposition 2.7 we have the following.
Lemma 4.1. Any Gauss daigram of L is S-equivalent to a Gauss diagram ∑
n 6=0,1
anS1(n),
∑
n 6=0,1
bnS2(n);
∑
m∈Z
cmS12(m),
∑
m∈Z
dmS21(m)

for some integers an, bn (n 6= 0, 1) and cm, dm (m ∈ Z) as shown in Figure 22.
Here, the entries present the concatenations of snails of type 1, 2, (1, 2), and (2, 1),
respectively. 
2C
1C 1n S (n)Σa
12mS (m)Σc 21mS (m)Σd
2nS (n)Σb
Figure 19. A Gauss diagram of an oriented 2-component virtual link
A nonself-chord of G is called of type (i, j) for 1 ≤ i 6= j ≤ 2 if it is oriented
from Ci to Cj ; that is, the initial and terminal endpoints belong to Ci and Cj ,
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respectively. The (i, j)-linking number of L, denoted by Lk(Ki,Kj), is the sum of
signs of all nonself-chords of type (i, j), which does not depend on a particular choice
of G for L. The virtual linking number of L is defined by λ(L) = Lk(K1,K2) −
Lk(K2,K1) [10] (cf. [3]).
Lemma 4.2. Let L = K1 ∪K2 be an oriented 2-component virtual link.
(i) The linking numbers Lk(K1,K2) and Lk(K2,K1) are invariant under S-
moves, and hence so is the virtual linking number λ(L).
(ii) If L is presented by a Gauss diagram given in Lemma 4.1, then we have
Lk(K1,K2) =
∑
m∈Z cm and Lk(K2,K1) =
∑
m∈Z dm.
Proof. (i) The invariance under S-moves is obtained by definition directly.
(ii) Each snail ±Sij(m) contains the unique nonself-chord with sign ±1. 
For simplicity, we use the notation λ = λ(L).
Lemma 4.3. For any Gauss diagram of L, we have the following.
(i) The sum of signs of endpoints of chords on C1 is equal to −λ.
(ii) The sum of signs of endpoints of chords on C2 is equal to λ.
Proof. (i) Each self-chord of type 1 does not contribute to the sum of signs on C1.
On the other hand, each nonself-chord of type (1, 2) (or type (2, 1)) with sign ε
contributes to the sum on C1 by −ε (or ε). Therefore the sum on C1 is equal to
−Lk(K1,K2) + Lk(K2,K1) = −λ.
(ii) By changing the roles between K1 and K2 in (i), the sum on C2 is equal to
−Lk(K2,K1) + Lk(K1,K2) = λ. 
Lemma 4.4. We have the following S-equivalent Gauss diagrams.
(i) (P + S1(−λ), Q;
∑
cmS12(m),
∑
dmS21(m))
∼ (P,Q;∑ cmS12(m− 1),∑ dmS21(m+ 1)).
(ii) (P + S1(−λ+ 1), Q;
∑
cmS12(m),
∑
dmS21(m))
∼ (P,Q;∑ cmS12(m− 1),∑ dmS21(m+ 1)).
(iii) (P,Q+ S2(λ);
∑
cmS12(m),
∑
dmS21(m))
∼ (P,Q;∑ cmS12(m+ 1),∑ dmS21(m− 1)).
(iv) (P,Q+ S2(λ+ 1);
∑
cmS12(m),
∑
dmS21(m))
∼ (P,Q;∑ cmS12(m+ 1),∑ dmS21(m− 1)).
Proof. (i) In the Gauss diagram in the left hand side, let γ be the self-chord of
+S1(−λ) other than the shells. We move the terminal endpoint of γ around C1
with respect to the orientation of C1.
By Lemmas 2.3 and 4.3, the terminal endpoint of γ gets shells such that the sum
of signs is equal to −λ. Since the algebraic number of shells for γ is equal to 0, γ
becomes a free chord which can be removed by an R1-move. See Figure 20.
On the other hand, each snail ±S12(m) changes into ±S12(m − 1) after the
terminal endpoint of c passes, and ±S21(m) changes into ±S21(m+ 1).
(ii) The proof is almost the same as that of (i). The difference is that the
algebraic number of shells for γ after moving the terminal endpoint of γ around C1
is equal to −1, the snail +S1(−λ + 1) changes into a pair of chords which can be
canceled by an R2-move.
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2C
1C λ +
+1S+ (-λ)
P
Q
12S± (m) 21S± (m)
λ-λ +
+
P
Q
12S± (m-1) 21S± (m+1)
Figure 20. Proof of Lemma 4.4(i)
(iii) and (iv) These are obtained from (i) and (ii) by changing the roles of first
and second components. 
Lemma 4.5. For any integer M , a Gauss diagram(
P,Q;
∑
m∈Z
cmS12(m),
∑
m∈Z
dmS21(m)
)
is S-equivalent to the following.
(i)
P,Q; cMS12(M − cM + λ) + ∑
m 6=M
cmS12(m− cM ),
∑
m∈Z
dmS21(m+ cM )
.
(ii)
P,Q; cMS12(M + cM − λ) + ∑
m 6=M
cmS12(m+ cM ),
∑
m∈Z
dmS21(m− cM )
.
(iii)
P,Q; ∑
m∈Z
cmS12(m+ dM ), dMS21(M − dM − λ) +
∑
m 6=M
dmS21(m− dM )
.
(iv)
P,Q; ∑
m∈Z
cmS12(m− dM ), dMS21(M + dM + λ) +
∑
m 6=M
dmS21(m+ dM )
.
Proof. (i) We move the endpoints of cMS12(M) around C1 with respect to the
orientation of C1. See Figure 21. By Lemmas 2.3 and 4.3, cMS12(M) changes
into cMS12(M − cM + λ), and cmS12(m) (m 6= M) and dmS21(m) change into
cmS12(m− cM ) and dmS21(m+ cM ), respectively.
2C
1C P
Q
12mS (m)Σc
12MS (M)c
M M
M
M
-c Mc -λ
21mS (m)Σd
P
Q
12mS (m-c    )Σc
12MS (M-c    +λ)c
21mS (m+c    )Σd
Figure 21. Proof of Lemma 4.5(i)
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(ii) It is sufficient to move the endpoints of cMS12(M) around C1 with respect
to the reverse orientation of C1.
(iii) and (iv) These are obtained from (i) and (ii) by changing the roles of first
and second components. 
If λ(L) < 0, then by switching the roles of K1 and K2, the case reduces to
λ(L) > 0. In what follows, we may assume that λ(L) ≥ 0.
Proposition 4.6. Let G be a Gauss diagram of L.
(i) If λ ≥ 1, then
G ∼
 ∑
n 6=0,1,−λ,−λ+1
anS1(n),
∑
n 6=0,1,λ,λ+1
bnS2(n);
λ−1∑
m=0
cmS12(p+m),
λ−1∑
m=0
dmS21(−p−m)
)
for some integers an (n 6= 0, 1,−λ,−λ+ 1), bn (n 6= 0, 1, λ, λ+ 1), cm, dm
(0 ≤ m ≤ λ− 1), and p.
(ii) In particular, if λ = 1, then
G ∼
 ∑
n 6=0,1,−1
anS1(n),
∑
n 6=0,1,2
bnS2(n); c0S12(0), d0S21(0)

for some integers an (n 6= 0, 1,−1), bn (n 6= 0, 1, 2), c0, and d0.
Proof. (i) We may start a Gauss diagram of the form in Lemma 4.1. By Lemma 4.4,
we can remove the snails ±S1(−λ) and ±S1(−λ+1) from the first entry, and ±S2(λ)
and ±S2(λ+ 1) from the second entry. Moreover, by Lemma 4.5, we see that there
are integers p and q such that it is S-equivalent to a Gauss diagram
G′ =
(
P,Q;
λ−1∑
m=0
cmS12(p+m),
λ−1∑
m=0
dmS21(q −m)
)
with
P =
∑
n 6=0,1,−λ,−λ+1
anS1(n) and Q =
∑
n 6=0,1,λ,λ+1
bnS2(n)
for some integers an, bn, cm, dm, p, and q.
Now we put h(G′) = p + q. If h(G′) = 0, then the proof is completed. As-
sume that h(G′) > 0. The case h(G′) < 0 can be similarly proved. By applying
Lemma 4.5(ii) for G′ with M = p+ λ− 1, G is S-equivalent to the Gauss diagram
G′′ given by(
P,Q; cp+λ−1S12(p+ cp+λ−1 − 1) +
λ−2∑
m=0
cmS12(p+ cp+λ−1 +m),
λ−1∑
m=0
dmS21(q − cp+λ−1 −m)
)
.
Since it holds that
h(G′′) = (p+ cp+λ−1 − 1) + (q − cp+λ−1) = p+ q − 1 = h(G′)− 1,
by repeating this modification suitably, we finally obtain a Gauss diagram G′′′ with
h(G′′′) = 0 which is S-equivalent to G.
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(ii) By (i), G is S-equivalent to a Gauss diagram ∑
n 6=0,1,−1
anS1(n),
∑
n 6=0,1,2
bnS2(n); c0S12(p), d0S21(−p)

for some integers an (n 6= 0, 1,−1), bn (n 6= 0, 1, 2), c0, and d0. By Lemma 4.4(ii)
with λ = 1, we can take p = 0. 
We remark that by Lemma 4.2(ii) we have c0 = Lk(K1,K2) and d0 = Lk(K2,K1)
in Proposition 4.6(ii).
Lemma 4.7. We have the following S-equivalent Gauss diagrams.
(i) If λ = 0, then(
P,Q;
∑
m∈Z
cmS12(m),
∑
m∈Z
dmS21(m)
)
∼
(
P,Q;
∑
m∈Z
cmS12(m+ k),
∑
m∈Z
dmS21(m− k)
)
for any k ∈ Z.
(ii) If λ ≥ 2, then(
P,Q;
λ−1∑
m=0
cmS12(p+m),
λ−1∑
m=0
dmS21(−p−m)
)
∼
(
P,Q;
λ−1∑
m=0
c′mS12(p
′ +m),
λ−1∑
m=0
d′mS21(−p′ −m)
)
,
where{
(c′0, . . . , c
′
λ−k−1, c
′
λ−k, . . . , c
′
λ−1) = (ck, . . . , cλ−1, c0, . . . , ck−1),
(d′0, . . . , d
′
λ−k−1, d
′
λ−k, . . . , d
′
λ−1) = (dk, . . . , dλ−1, d0, . . . , dk−1),
and p′ = p+ k −∑k−1i=0 (ci − di) for any k with 1 ≤ k ≤ λ− 1.
Proof. (i) Since λ = 0, this follows from Lemma 4.4 immediately.
(ii) It is sufficient to prove the case of k = 1. By Lemma 4.5(i), the left hand
side is S-equivalent to(
P,Q;
λ−1∑
m=1
cmS12(p− c0 +m) + c0S12(p− c0 + λ),
λ−1∑
m=0
dmS21(−p+ c0 −m)
)
.
Furthermore, by Lemma 4.5(iii), this is S-equivalent to(
P,Q;
λ−1∑
m=1
cmS12(p− c0 + d0 +m) + c0S12(p− c0 + d0 + λ),
λ−1∑
m=1
dmS21(−p+ c0 − d0 −m) + d0S21(−p+ c0 − d0 − λ)
)
=
(
P,Q;
λ−2∑
m=0
cm+1S12(p
′ +m) + c0S12(p′ + λ− 1),
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λ−2∑
m=0
dm+1S21(−p′ −m) + d0S21(−p′ − λ+ 1)
)
,
where p′ = p+ 1− c0 + d0. This is coincident with the right hand side in the case
of k = 1. 
5. The case µ = 2 (algebraic part)
Let G be a Gauss diagram of an oriented 2-component virtual link L = K1∪K2.
The index of a self- or nonself-chord γ of G is defined as follows.
(i) Let γ be a self-chord spanning a circle Ci. The index of γ in G is the sum
of signs of endpoints of self- and nonself-chords on the arc of Ci oriented
from the initial endpoint of γ to the terminal (cf. [13]). We denote it by
Ind′(γ).
(ii) Fix a nonself-chord γ0 of G. Let γ be a nonself-chord of type (i, j). Let α
be the arc on Ci oriented from the initial endpoint of γ to an endpoint of γ0,
and β the arc on Cj oriented from another endpoint of γ0 to the terminal
endpoint of γ. See the left of Figure 22. The index of γ with respect to γ0
in G is the sum of signs of endpoints of self- and nonself-chords on α ∪ β
(cf. [2]). We denote it by Ind′(γ; γ0).
α
β
γ γγ
C i
C #1 C20
C j
Figure 22. The index of a nonself-chord
Remark 5.1. We have two remarks.
(i) For a self-chord γ spanning a circle Ci, the index Ind
′(γ) is generally not
equal to the original index Ind(γ) in Section 3 restricted to the Gauss
diagram consisting of the circle Ci with self-chords spanning Ci.
(ii) For a nonself-chord γ of type (i, j), the index Ind′(γ; γ0) is equal to the
index Ind(γ) in the Gauss diagram consisting of the circle C1#C2 obtained
from G by surgery along γ0. See the right of Figure 22.
Lemma 5.2. Let γ be a chord of G.
(i) If γ is a shell spanning C1, then Ind
′(γ) = 1,−λ+ 1.
(ii) If γ is a shell spanning C2, then Ind
′(γ) = 1, λ+ 1.
(iii) If γ is not a shell, then the index does not change under S-moves.
Proof. This follows from the definition of the index immediately. 
For an integer n, we denote by J in(G) (i = 1, 2) the sum of signs of all self-chords
γ spanning Ci with Ind
′(γ) = n. It is known in [13] that J1n(G) is independent of
a particular choice of G for n 6= 0,−λ. It is called the n-writhe of K1 in L and
denoted by Jn(K1;L) for n 6= 0,−λ. Similarly J2n(G) is independent of a particular
choice of G for n 6= 0, λ. It is called the n-writhe of K2 in L and denoted by
Jn(K2;L) for n 6= 0, λ. We remark that the index of a free chord spanning C1 (or
C2) is equal to 0 or −λ (or 0 or λ).
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Example 5.3. We consider the Gauss diagram
G = (2S1(2)− S1(3), 2S2(−1);S12(0) + S12(−1) + S12(4), 2S21(2)− S21(3))
as shown in Figure 23. Let L = K1 ∪K2 be the oriented 2-component virtual link
presented by G. We have
Lk(K1,K2) = 3, Lk(K2,K1) = 1, and λ(L) = 2.
Furthermore, it holds that
Jn(K1;L) =

−5 (n = −1),
2 (n = 2),
−1 (n = 3),
0 (otherwise),
and Jn(K2;L) =
 2 (n = −1),1 (n = 1, 3),
0 (otherwise).
+
+ ‒‒ ‒‒‒‒
+ +
+
+‒‒ +
‒‒ ‒‒ +++
+
+ +
－
+++++ －
2 1
0 4 2 2 3
1 1
11
2 3
33
3
-1
-1-1
-1
-1 -1 -1
-1
C1
C
γ
2
0
Figure 23. The Gauss diagram in Example 5.3
Lemma 5.4. Let L = K1 ∪K2 be an oriented 2-component virtual link.
(i) The n-writhes
• Jn(K1;L) ∈ Z (n 6= 0, 1,−λ,−λ+ 1) and
• Jn(K2;L) ∈ Z (n 6= 0, 1, λ, λ+ 1)
are invariant under S-moves.
(ii) If L is presented by a Gauss diagram given in Lemma 4.1, then we have
• Jn(K1;L) = an (n 6= 0, 1,−λ,−λ+ 1) and
• Jn(K2;L) = bn (n 6= 0, 1, λ, λ+ 1).
Proof. (i) This follows from Lemma 5.2.
(ii) For n 6= 0, 1,−λ,−λ + 1, only the union of snails anS1(n) contributes to
Jn(K1;L). Similarly, for n 6= 0, 1, λ, λ + 1, only the union of snails bnS2(n) con-
tributes to Jn(K2;L). 
Lemma 5.5. Let L = K1 ∪K2 be an oriented 2-component virtual link.
(i) The sums of writhes
• J1(K1;L) + J1(K2;L) ∈ Z for λ = 0 and
• J1(K1;L) + J−λ+1(K1;L) + J1(K2;L) + Jλ+1(K2;L) ∈ Z for λ ≥ 2
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are invariant under S-moves.
(ii) If L is presented by a Gauss diagram given in Lemma 4.1, then the invari-
ants in (i) are given by
−
∑
n 6=0,1,−λ,−λ+1
nan −
∑
n 6=0,1,λ,λ+1
nbn −
∑
m∈Z
mcm −
∑
m∈Z
mdm
for λ = 0 and λ ≥ 2.
Proof. (i) For the case of λ = 0, any shell has the index 1 by Lemma 5.2. By an
S1-move, a shell spanning C1 (or C2) may change into the one spanning C2 (or C1).
Since the sign of the shell does not change, J1(K1;L)+J1(K2;L) is invariant under
an S1-move. On the other hand, since the produced (or canceled) pair of shells by
an S2-move have the opposite signs, J1(K1;L) + J1(K2;L) is also invariant under
an S2-move.
For the case of λ ≥ 2, there are four types of shells as shown in Lemma 5.2. By
an S1-move, a shell may change into the one as follows:
spanning C1 spanning C2
a shell of index 1 ↔ a shell of index λ+ 1
l l
a shell of index −λ+ 1 ↔ a shell of index 1
Therefore J1(K1;L) + J−λ+1(K1;L) + J1(K2;L) + Jλ+1(K2;L) is invariant under
an S1-move. The invariance under an S2-move is proved similarly to the case of
λ = 0.
(ii) For the case of λ = 0, the union of snails anS1(n) contributes −nan to
J1(K1;L), and bnS2(n) contributes −nbn to J1(K2;L). Furthermore, cmS12(m)
and dmS21(m) contributes −mcm and −mdm to J1(K1;L)+J1(K2;L), respectively.
The case of λ ≥ 2 can be similarly proved. 
For n ∈ Z, (i, j) ∈ {(1, 2), (2, 1)}, and a nonself-chord γ0, we denote by J ijn (G; γ0)
the sum of signs of nonself-chords γ of type (i, j) with Ind′(γ; γ0) = n. Put
Fij(t; γ0) =
∑
n∈Z
J ijn (G; γ0)t
n.
We remark that Fij(1; γ0) = Lk(Ki,Kj) holds by definition. For any nonself-chords
γ0 and γ1, there is an integer k such that
F12(t; γ1) = t
kF12(t; γ0) and F21(t; γ1) = t
−kF21(t; γ0).
For an integer s ≥ 0, let Λs denote the Laurent polynomial ring Z[t, t−1]/(ts−1).
In particular, we have Λ0 = Z[t, t−1] and Λ1 = Z. We consider an equivalence
relation on Λs ×Λs such that (f1(t), g1(t)) and (f2(t), g2(t)) are equivalent if there
is an integer k with
f2(t) = t
kf1(t) and g2(t) = t
−kg1(t).
We denote by [f(t), g(t)] the equivalence class represented by (f(t), g(t)), and by
Γ(s) the set of such equivalence classes. By definition, we have Γ(1) = Z× Z.
It is known in [2] that the equivalence class
[F12(t; γ0), F21(t; γ0)] ∈ Γ(λ)
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is independent of a particular choice of γ0 and G for L. It is called the linking class
of L and denoted by F (L) ∈ Γ(λ). In particular, if λ = 1, then F (L) is identified
with the pair (Lk(K1,K2),Lk(K2,K1)) ∈ Z× Z.
Example 5.6. We consider the Gauss diagram G and the oriented 2-component
virtual link L given in Example 5.3. Let γ0 be the nonself-chord of G as shown in
Figure 23. Then it holds that
J12n (G; γ0) =
{
1 (n = −1, 0, 4),
0 (otherwise),
and J21n (G; γ0) =
 2 (n = 2),−1 (n = 3),
0 (otherwise).
Therefore, we have F (L) = [t−1 + 1 + t4, 2t2 + t3] ∈ Γ(2).
Lemma 5.7. Let L = K1 ∪K2 be an oriented 2-component virtual link.
(i) The linking class F (L) ∈ Γ(λ) is invariant under S-moves.
(ii) If L is presented by a Gauss diagram given in Lemma 4.1, then we have
F (L) =
[∑
m∈Z
cmt
m,
∑
m∈Z
dmt
m
]
.
Proof. (i) Since any nonself-chord is not a shell, we have the invariance of F (L) by
Lemma 5.2(iii).
(ii) First we add a pair of nonself-chords +S12(0) and −S12(0) by an R2-move.
Put γ0 = +S12(0). Then the union of snails cmS12(m) contributes cm to J
12
m (G; γ0),
and dmS21(m) contributes dm to J
21
m (G; γ0). Therefore we have the equation by
the definition of F (L). 
Theorem 5.8. Let L = K1∪K2 and L′ = K ′1∪K ′2 be oriented 2-component virtual
links with λ = λ′ = 0. Suppose that
(i) Jn(K1;L) = Jn(K
′
1;L
′) for any n 6= 0, 1,
(ii) Jn(K2;L) = Jn(K
′
2;L
′) for any n 6= 0, 1, and
(iii) F (L) = F (L′).
Then L and L′ are S-equivalent.
Proof. By Lemma 4.1, any Gauss diagrams of L and L′ are S-equivalent to Gauss
diagrams
G =
 ∑
n 6=0,1
anS1(n),
∑
n6=0,1
bnS2(n);
∑
m∈Z
cmS12(m),
∑
m∈Z
dmS21(m)
 and
G′ =
 ∑
n 6=0,1
a′nS1(n),
∑
n 6=0,1
b′nS2(n);
∑
m∈Z
c′mS12(m),
∑
m∈Z
d′mS21(m)
 ,
respectively. By Lemma 5.4(ii) and the assumption, we obtain an = a
′
n and bn = b
′
n
for any n 6= 0, 1.
Furthermore, by Lemma 5.7(ii) and the assumption, we obtain[∑
m∈Z
cmt
m,
∑
m∈Z
dmt
m
]
=
[∑
m∈Z
c′mt
m,
∑
m∈Z
d′mt
m
]
.
Then there is an integer k such that∑
m∈Z
c′mt
m = tk
∑
m∈Z
cmt
m and
∑
m∈Z
d′mt
m = t−k
∑
m∈Z
dmt
m
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so that we obtain c′m = cm−k and d
′
m = dm+k for any m ∈ Z. Therefore it holds
that
G′ =
 ∑
n 6=0,1
anS1(n),
∑
n 6=0,1
bnS2(n);
∑
m∈Z
cm−kS12(m),
∑
m∈Z
dm+kS21(m)

=
 ∑
n 6=0,1
a′nS1(n),
∑
n 6=0,1
b′nS2(n);
∑
m∈Z
c′mS12(m+ k),
∑
m∈Z
d′mS21(m− k)

∼ G
by Lemma 4.7(i). 
Theorem 5.9. Let L = K1∪K2 and L′ = K ′1∪K ′2 be oriented 2-component virtual
links with λ = λ′ = 1. Suppose that
(i) Jn(K1;L) = Jn(K
′
1;L
′) for any n 6= 0, 1,−1,
(ii) Jn(K2;L) = Jn(K
′
2;L
′) for any n 6= 0, 1, 2, and
(iii) F (L) = F (L′).
Then L and L′ are S-equivalent.
Proof. By Proposition 4.6(ii), any Gauss diagrams of L and L′ are S-equivalent to
Gauss diagrams
G =
 ∑
n 6=0,1,−1
anS1(n),
∑
n 6=0,1,2
bnS2(n); c0S12(0), d0S21(0)
 and
G′ =
 ∑
n 6=0,1,−1
a′nS1(n),
∑
n 6=0,1,2
b′nS2(n); c
′
0S12(0), d
′
0S21(0)
 ,
respectively. By Lemma 5.4(ii) and the assumption, we obtain an = a
′
n (n 6=
0, 1,−1) and bn = b′n (n 6= 0, 1, 2).
Furthermore, since F (L) = (c0, d0) and F (L
′) = (c′0, d
′
0) ∈ Z×Z, we have c0 = c′0
and d0 = d
′
0 by the assumption. Therefore G = G
′ holds. 
Theorem 5.10. Let L = K1 ∪ K2 and L′ = K ′1 ∪ K ′2 be oriented 2-component
virtual links with λ = λ′ ≥ 2. Suppose that
(i) Jn(K1;L) = Jn(K
′
1;L
′) for any n 6= 0, 1,−λ,−λ+ 1,
(ii) Jn(K2;L) = Jn(K
′
2;L
′) for any n 6= 0, 1, λ, λ+ 1,
(iii) F (L) = F (L′), and
(iv) J1(K1;L) + J−λ+1(K1;L) + J1(K2;L) + Jλ+1(K2;L)
= J1(K
′
1;L
′) + J−λ+1(K ′1;L
′) + J1(K ′2;L
′) + Jλ+1(K ′2;L
′).
Then L and L′ are S-equivalent.
Proof. By Proposition 4.6(i), any Gauss diagrams of L and L′ are S-equivalent to
Gauss diagrams
G =
 ∑
n 6=0,1,−λ,−λ+1
anS1(n),
∑
n 6=0,1,λ,λ+1
bnS2(n);
λ−1∑
m=0
cmS12(p+m),
λ−1∑
m=0
dmS21(−p−m)
)
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and
G′ =
 ∑
n6=0,1,−λ,−λ+1
a′nS1(n),
∑
n 6=0,1,λ,λ+1
b′nS2(n);
λ−1∑
m=0
c′mS12(p
′ +m),
λ−1∑
m=0
d′mS21(−p′ −m)
)
,
respectively. By Lemma 5.4(ii) and the assumption, we obtain an = a
′
n for any
n 6= 0, 1,−λ,−λ+ 1 and bn = b′n for any n 6= 0, 1, λ, λ+ 1.
Next, by Lemma 5.7(ii) and the assumption, we obtain[
λ−1∑
m=0
cmt
p+m,
λ−1∑
m=0
dmt
−p−m
]
=
[
λ−1∑
m=0
c′mt
p′+m,
λ−1∑
m=0
d′mt
−p′−m
]
∈ Γ(λ),
or equivalently,[
λ−1∑
m=0
cmt
m,
λ−1∑
m=0
dmt
−m
]
=
[
λ−1∑
m=0
c′mt
m,
λ−1∑
m=0
d′mt
−m
]
∈ Γ(λ).
Then there is an integer k with 1 ≤ k ≤ λ− 1 such that{
(c′0, . . . , c
′
λ−k−1, c
′
λ−k, . . . , c
′
λ−1) = (ck, . . . , cλ−1, c0, . . . , ck−1),
(d′0, . . . , d
′
λ−k−1, d
′
λ−k, . . . , d
′
λ−1) = (dk, . . . , dλ−1, d0, . . . , dk−1).
Furthermore, by Lemma 5.5(ii) and the assumption, it holds that
λ−1∑
m=0
(p+m)cm −
λ−1∑
m=0
(p+m)dm =
λ−1∑
m=0
(p′ +m)c′m −
λ−1∑
m=0
(p′ +m)d′m.
By Lemma 4.2(ii), this is equivalent to
(p− p′)λ =
(
λ−1∑
m=0
mc′m −
λ−1∑
m=0
mcm
)
−
(
λ−1∑
m=0
md′m −
λ−1∑
m=0
mdm
)
.
Here, it holds that
λ−1∑
m=0
mc′m =
λ−1∑
m=k
(m− k)cm +
k−1∑
m=0
(m+ λ− k)cm
=
λ−1∑
m=0
mcm − k
λ−1∑
m=0
cm + λ
k−1∑
m=0
cm.
Since we have a similar equation for d′m, it holds that
(p− p′)λ = −kλ+ λ
k−1∑
m=0
(cm − dm),
that is, p′ = p + k −∑k−1m=0(cm − dm). Therefore, G′ is S-equivalent to G by
Lemma 4.7(ii). 
Proofs of Theorems 1.2, 1.3, and 1.4. This follows from Lemmas 5.4(i), 5.5(i), 5.7(i),
Theorems 5.8, 5.9, and 5.10 immediately. 
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6. A relation among invariants
In this section, we study a relationship among invariants which are used in the
previous section.
Lemma 6.1. Let s be a nonnegative integer with s 6= 1, and fi(t) and gi(t) (i = 1, 2)
Laurent polynomials in Z[t, t−1]. Suppose that
(i) [f1(t), g1(t)] = [f2(t), g2(t)] ∈ Γ(s) and
(ii) f1(1)− g1(1) = f2(1)− g2(1) = s.
Then it holds that
f ′1(1) + g
′
1(1) ≡ f ′2(1) + g′2(1) (mod s).
In particular, if s = 0, then f ′1(1) + g
′
1(1) = f
′
2(1) + g
′
2(1) ∈ Z.
Proof. By the condition (i), there are k ∈ Z and ϕ(t), ψ(t) ∈ Z[t, t−1] such that
f2(t) = t
kf1(t) + (t
s − 1)ϕ(t) and g2(t) = t−kg1(t) + (ts − 1)ψ(t).
Then we have {
f ′2(1) = kf1(1) + f
′
1(1) + sϕ(1) and
g′2(1) = −kg1(1) + g′1(1) + sψ(1).
Therefore it holds that
f ′2(1) + g
′
2(1) = f
′
1(1) + g
′
1(1) + s(k + ϕ(1) + ψ(1)),
and we have the conclusion. 
For an oriented 2-component virtual link L, the linking class F (L) = [f(t), g(t)] ∈
Γ(λ) satisfies
f(1)− g(1) = Lk(K1,K2)− Lk(K2,K1) = λ.
Therefore f ′(1) + g′(1) (mod λ) is well-defined, and denoted by F ′(L) ∈ Z/λZ. We
remark that, since F (L) is invariant under S-moves, so is F ′(L).
Proposition 6.2. Let L = K1 ∪K2 be an oriented 2-component virtual link.
(i) If λ = 0, then∑
n 6=0
nJn(K1;L) +
∑
n 6=0
nJn(K2;L) + F
′(L) = 0.
(ii) If λ ≥ 2, then∑
n 6=0,−λ
nJn(K1;L) +
∑
n 6=0,λ
nJn(K2;L) + F
′(L) ≡ 0 (mod λ).
Proof. (i) By Lemmas 5.4(i), 5.5(i), and 5.7(i), the left hand side of the congruence
is invariant under S-moves. Therefore, it is sufficient to consider a Gauss diagram
given in Lemma 4.1. By Lemmas 5.4(ii), 5.5(ii), and 5.7(ii), we have the conclusion.
(ii) The proof is similar to that of (i). 
Recall that in the case of λ = 0, an oriented 2-component virtual link L has the
invariants Jn(K1;L), Jn(K2;L) (n 6= 0), and F (L) ∈ Γ(0).
Theorem 6.3. Let an, bn (n 6= 0), and cm, dm (m ∈ Z) be integers such that
(a)
∑
m∈Z
cm =
∑
m∈Z
dm and
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(b)
∑
n 6=0
nan +
∑
n 6=0
nbn +
∑
m∈Z
mcm +
∑
m∈Z
mdm = 0.
Then there is an oriented 2-component virtual link L = K1 ∪K2 such that
(i) Jn(K1;L) = an (n 6= 0),
(ii) Jn(K2;L) = bn (n 6= 0), and
(iii) F (L) =
[∑
m∈Z
cmt
m,
∑
m∈Z
dmt
m
]
∈ Γ(0).
Proof. Let G be the Gauss diagram ∑
n 6=0,1
anS1(n),
∑
n6=0,1
bnS2(n);
∑
m∈Z
cmS12(m),
∑
m∈Z
dmS21(m)
 .
The virtual link L presented by G satisfies (i)–(iii) except
J1(K1;L) + J1(K2;L) = −
∑
n 6=0,1
nan −
∑
n 6=0,1
nbn −
∑
m∈Z
mcm −
∑
m∈Z
mdm
= a1 + b1
by Lemma 5.5(ii) and the condition (b).
Put x = a1 − J1(K1;L). Fix a nonself-chord γ in the snails of
∑
m∈Z cmS12(m)
and
∑
m∈Z dmS21(m). Let G
′ be the Gauss diagram obtained from G by adding
• shells spanning C1 such that the sum of signs are equal to x, and
• shells spanning C2 such that the sum of signs are equal to −x
to γ. Then the virtual link L′ presented by G′ has the same invariants as L except{
J1(K
′
1;L
′) = J1(K1;L) + x = a1 and
J1(K
′
2;L
′) = J1(K2;L)− x = b1.
This virtual link L′ is a desired one. 
Recall that in the case of λ = 1, an oriented 2-component virtual link L has the
invariants Jn(K1;L) (n 6= 0,−1), Jn(K2;L) (n 6= 0, 1), and
F (L) = (Lk(K1,K2),Lk(K2,K1)) ∈ Γ(1) = Z× Z.
Theorem 6.4. Let an (n 6= 0,−1), bn (n 6= 0, 1), and c be integers. Then there is
an oriented 2-component virtual link L = K1 ∪K2 such that
(i) Jn(K1;L) = an (n 6= 0,−1),
(ii) Jn(K2;L) = bn (n 6= 0, 1), and
(iii) F (L) = (c, c− 1).
Proof. Let G be the Gauss diagram ∑
n 6=0,1,−1
anS1(n),
∑
n 6=0,1,2
bnS2(n); cS12(0), (c− 1)S21(0)
 .
The virtual link L presented by G satisfies (i)–(iii) except J1(K1;L) and J2(K2;L).
Consider four kinds of portions of self-chords such that two of them span C1 and
the other two span C2 as shown in Figure 24. Adding these portions to G suitably,
we can change J1(K1;L) and J2(K2;L) arbitrarily with keeping other invariants so
that we realize a1 and b2, respectively. We remark that J0(K1;L) and J1(K2;L)
are not defined in the case of λ = 1. 
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C1
+- +- 0110
C2 C2C1
+- +- 2112
Figure 24. Changing J1(K1;L) and J2(K2;L)
Recall that in the case of λ ≥ 2, an oriented 2-component virtual link L has the
invariants Jn(K1;L) (n 6= 0,−λ), Jn(K2;L) (n 6= 0, λ), and F (L) ∈ Γ(λ).
Theorem 6.5. Let λ ≥ 2, an (n 6= 0,−λ), bn (n 6= 0, λ), and cm, dm (0 ≤ m ≤
λ− 1) be integers such that
(a)
λ−1∑
m=0
cm −
λ−1∑
m=0
dm = λ and
(b)
∑
n 6=0,−λ
nan +
∑
n6=0,λ
nbn +
∑
m∈Z
mcm −
∑
m∈Z
mdm ≡ 0 (mod λ).
Then there is an oriented 2-component virtual link L = K1 ∪K2 such that
(i) Jn(K1;L) = an (n 6= 0,−λ),
(ii) Jn(K2;L) = bn (n 6= 0, λ), and
(iii) F (L) =
[
λ−1∑
m=0
cmt
m,
λ−1∑
m=0
dmt
−m
]
∈ Γ(λ).
Proof. There is an integer k such that the left hand side of (b) is equal to kλ. Let
G be the Gauss diagram
G =
 ∑
n6=0,1,−λ,−λ+1
anS1(n),
∑
n 6=0,1,λ,λ+1
bnS2(n);
λ−1∑
m=0
cmS12(p+m),
λ−1∑
m=0
dmS21(−p−m)
)
,
where p = −k − a−λ+1 + bλ+1. The virtual link L presented by G satisfies (i)–(iii)
except
J1(K1;L) + J−λ+1(K1;L) + J1(K2;L) + Jλ+1(K2;L)
= −
∑
n 6=0,1,−λ,−λ+1
nan −
∑
n 6=0,1,λ,λ+1
nbn −
∑
m∈Z
(p+m)cm +
∑
m∈Z
(p+m)dm
= a1 + (−λ+ 1)a−λ+1 + b1 + (λ+ 1)bλ+1 − kλ− p
(
λ−1∑
m=0
cm −
λ−1∑
m=0
dm
)
= a1 + a−λ+1 + b1 + bλ+1.
by Lemma 5.5(ii) and the conditions (a) and (b).
Put x = a1 + a−λ+1 − J1(K1;L) − J−λ+1(K1;L). Fix a nonself-chord γ in the
snails of
∑λ−1
m=0 cmS12(p + m) and
∑λ−1
m=0 dmS21(−p − m). Let G′ be the Gauss
diagram obtained from G by adding
• shells spanning C1 such that the sum of signs are equal to x and
• shells spanning C2 such that the sum of signs are equal to −x
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to γ. Then the virtual link L′ presented by G′ has the same invariants as L except
{
J1(K
′
1;L
′) + J−λ+1(K ′1;L
′) = J1(K1;L) + J−λ+1(K1;L) + x = a1 + a−λ+1 and
J1(K
′
2;L
′) + Jλ+1(K ′2;L
′) = J1(K2;L) + Jλ+1(K2;L)− x = b1 + bλ+1.
Consider four kinds of portions of self-chords such that two of them span C1 and
the other two span C2 as shown in Figure 25. Adding the left two portions to C1
suitably, we can change J1(K
′
1;L
′) and J−λ+1(K ′1;L
′) arbitrarily with keeping the
sum a1 + a−λ+1 so that we realize a1 and a−λ+1, respectively. Similarly, adding
the right two portions to C2 suitably, we can change J1(K
′
2;L
′) and Jλ+1(K ′2;L
′)
arbitrarily with keeping the sum b1 + bλ+1 so that we realize b1 and bλ+1, respec-
tively. 
C1
+- +-11-λ+1 -λ+1 λ+1 λ+1
C2 C2C1
+- +-11
Figure 25. Changing J1(K1;L), J−λ+1(K1 + L), J1(K2;L), and Jλ+1(K2;L)
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